In this paper, a new iterative scheme for a finite family of I i -generalized asymptotically nonexpansive nonself-mappings
Introduction
Let T : K → K , I : K → K be two mappings of nonempty subset K of a real normed linear space X. T is said to be I-asymptotically nonexpansive [, ] if there exists a sequence {v n } ⊂ [, ∞) with lim n→∞ v n =  such that T n x -T n y ≤  + v n I n x -I n y (.)
for all x, y ∈ K and n ≥ . A subset K of X is said to be a retract of X if there exists a continuous map P : X → K such that Px = x, ∀x ∈ K . A mapping P : X → K is said to be a retraction if P  = P. It follows that if a map P is a retraction, then Py = y for all y in the range of P. For nonself-nonexpansive mappings, some authors (see [, ] and the references therein) have studied the strong and weak convergence theorems in Hilbert spaces or uniformly convex Banach spaces. However, iterative algorithms for approximating fixed points of nonself-asymptotically nonexpansive mappings have not been paid too much attention. The concept of nonself-asymptotically nonexpansive mappings was introduced by Chidume et al. [] in  as a generalization of asymptotically nonexpansive selfmappings.
The concept of asymptotically nonexpansive nonself-mappings in the intermediate sense was introduced by Chidume et al. [] as an important generalization of asymptotically nonexpansive self-mappings in the intermediate sense. 
T(PT)
n- x -T(PT) n- y -x -y ≤ .
By studying the following iterative sequence: 
Preliminaries
Definition . Let (X, d) be a metric space and T : K → X, I : K → X be two mappings of nonempty subset K of X. A nonself-mapping T : K → X is said to be I-generalized asymptotically nonexpansive mapping if there exist sequences {v n } ⊂ [, ∞) and {s n } ⊂ [, ∞) with lim n→∞ v n =  = lim n→∞ s n such that
for all x, y ∈ K , where P is a nonexpansive retraction of X onto K . If I is the identity mapping, then (.) reduces to
then T is said to be generalized asymptotically nonexpansive nonself-mapping.
Remark . If s n =  for all n ≥ , then (.) reduces to the nonself-asymptotically nonexpansive mapping. If v n =  for all n ≥  and I the identity mapping, then I-generalized asymptotically nonexpansive nonself-mappings coincide with asymptotically nonexpansive nonself-mappings in the intermediate sense.
A hyperbolic space [] is a metric space (X, d) together with a map W :
, for all x, y, z, w ∈ X and λ, μ ∈ [, ]. We denote the above defined hyperbolic space by (X, d, W ); if it satisfies only (i), then it is said to be the convex metric space introduced by Takahashi [] . A nonempty subset K of a hyperbolic space X is convex if W (x, y, λ) ∈ K for all x, y ∈ X and λ ∈ [, ].
Kohlenbach [] pointed out that all normed spaces and their subsets are hyperbolic spaces as well as convex metric spaces. The class of hyperbolic spaces is properly contained in the class of convex metric spaces.
A hyperbolic space (X, d, W ) is said to be uniformly convex [] if for any x, y, u ∈ X, r >  and ∈ (, ], there exists a δ ∈ (, ] such that
] which provides such a δ = η(r, ), for given r >  and ∈ (, ], is called modulus of uniform convexity of X. We call η monotone if it decreases with r (for a fixed ). We call η monotone if it decreases with r (for a fixed ).
The concept of -convergence in a metric space was introduced by Lim [] and its analog in CAT() spaces has been investigated by Dhompongsa and Panyanak [] . In this article, we continue the investigation of -convergence in the general setup of hyperbolic spaces.
Let {x n } be any bounded sequence in a metric space X.
The asymptotic radius ρ = r(x n ) of {x n } with respect to a subset K ⊂ X is given by
The asymptotic center of a bounded sequence {x n } with respect to a subset K ⊂ X is defined as follows:
If the asymptotic center is taken with respect to X, then it is simply denoted by A(x n ). In general, A(x n ) may be empty or may even contain infinitely many points. It is well known that a complete uniformly convex hyperbolic space with monotone modulus of uniform convexity enjoys the property that bounded sequences have unique asymptotic center with respect to closed convex subsets [] .
A sequence {x n } is said to -convergence x ∈ X if x is the unique asymptotic center for every subsequence {x n i } of {x n }. In this case, we call x as -limit of {x n } and write -lim n x n = x. 
Lemma . (see [] , Lemma ) Let {a n }, {b n }, {δ n } be sequences of nonnegative real numbers satisfying the inequality
(ii) in particular, if {a n } has a subsequence {a n k } converging to , then lim n→∞ a n = .
In the following, we denote I  = {, , . . . , r}. A family {T i : i ∈ I  } be I i -generalized asymptotically nonexpansive nonself-mappings and {I i : i ∈ I  } be generalized asymptotically nonexpansive nonself-mappings with F = r i= F(T i ) ∩ F(I i ) = ∅, are said to satisfy condition (B) with respect to the sequence {u n } if there is a nondecreasing function f :
Main results
Lemma . Let (X, d, W ) be a convex metric space and K be a nonempty closed convex subset of X. Let T i : K → X (i ∈ I  ) be I i -generalized asymptotically nonexpansive nonself-mappings with sequences {v in }, {s in } ⊂ [, ∞) and I i : K → X (i ∈ I  ) be generalized asymptotically nonexpansive nonself-mappings with {u in }, {s in } ⊂ [, ∞), and F = r i= F(T i ) ∩ F(I i ) = ∅. Suppose that for any given x  ∈ K , the sequence {x n } is generated by
Then the sequence {x n } defined by (.) has limit existence property for the mappings T i and I i (i ∈ I  ).
Proof For any given q ∈ F . It follows from (.) that
It follows from (.), (.), and (.) that
Lemma . to (.), we observe that lim n→∞ d(x n , q) exists for each q ∈ F .
Lemma . Under the assumptions of Lemma ., we have the following:
 < lim inf n→∞ a n ≤ lim sup n→∞ a n < , then
Proof By Lemma ., lim n→∞ d(x n , q) exists for each q ∈ F . Let lim n→∞ d(x n , q) = c for some c ≥ . The case c =  is trivial. Next, we discuss the case
Since T i is I i -generalized asymptotically nonexpansive mapping, it follows from (.) that we have
Further, it follows from (.) that we have the inequality
It follows from Lemma . and the sequences (.)-(.) that
That is,
Applying liminf in the above inequality and then using (.), we have
It follows from (.) and (.) that
Similar to (.), we have
Similar to (.), we have
The sequences in (.), (.), and (.) satisfy the hypotheses of Lemma ., therefore it follows that
(iii) As  < lim inf n→∞ b n ≤ lim sup n→∞ (b n + c n ) < , so as in part (ii), there exist τ  , τ  ∈ (, ) such that  < τ  ≤ b n ≤ b n + c n ≤ τ  <  for all n ≥ . Also  < lim inf n→∞ a n ≤ lim sup n→∞ a n <  shows that there exist
Taking liminf in the inequality
and using (.), we have
Appealing to Lemma ., we have
It follows from (.) and (.) that
Therefore, we have
It follows from (.), (.), and (.) that
This completes the proof.
Theorem . Under the assumptions of Lemma
be uniformly L-Lipschitzian, the sequence {x n } is generated by (.) satisfying the conditions:
iii)  < lim inf n→∞ a n ≤ lim sup n→∞ a n < . Then {x n } in (.) has approximate common fixed point property for I i , T i (i ∈ I  ).
Proof Since T i is uniformly L-Lipschitzian, it follows from (.) and (.) that
together with (.) and (.) gives
Similarly, we can prove that
Equations (.) and (.) prove that {x n } has approximate common fixed point property for I i , T i (i ∈ I  ). This completes the proof. This implies that {x n } is a Cauchy sequence. K is complete for it is a closed subset in a complete hyperbolic space. Without loss of generality, we can assume that {x n } converges strongly to some point q * ∈ K . It is easy to prove that F is closed. It follows from lim n→∞ d(x n , F) =  that q * ∈ F . This completes the proof.
